JOURNAL OF APPROXIMATION THEORY 20, 220-222 (1977)

On Transforming a Tchebycheff System into a Complete
Tchebycheff System

R. A. ZaLKK

Department of Mathematics, Ben Gurion University of the Negev, Beersheba, lsrael
Communicated by Oved Shisha

Received December 2, 1975

Let 3, ...., v, be real-valued functions defined on a totally ordered set 4.
The system {1, ,..., %t is said to be a Tchebycheff system (T-system) on A,
provided that for every choice of points 7, <. -+ < t, of A4, the determinant
D(yy, vy s ity - 1y s 1) 5= detlioydr)s 4,7 — 0,...on 0 1s strictly positive,
whereas if the determinant is merely nonnegative, the system is called a Weak
Tchebycheft' system (WT-system). If {1, .....,3, is a T-system on A for
k — 0, n, then {y,,.., yt 1s called a Complete Tchebycheff system (CT-
system) on A. The preceding definitions are consistent with Karlin and
Studden {1].

M. G. Krein proved that i 4 is an open interval and {y,,.., 1, Is a
T-system on A, then the linear span of the functions v, ..., v, contains a
CT-system thereon (cf. [2]). It seems that Krein never published his prool,
and it was apparently Németh ([3]. corollary on p. 310}, who published the
first proof of Krein's theorem. This theorem was recently generalized by
Zielke [4], who showed that it holds for sets having “property (D)": & set 4
has property (D) if neither sup 4 nor mf 4 are contained in 4, and for any
two points of A there is & third point of A in between.

The purpose of this paper is to further generalize Krein's theorem, pre-
senting at the same time a very short and elementary proof. Specifically. we
shall prove the following assertion.

Turorem.  Let A be a totally ordered set. If A has no smallest nor grearest
element. then the linear span of every T-system on A contains a CT-svstem
thereon.

Proof.  Assume first that A is a set of real numbers. Let {¢q..... ¢, bc
an ordered set of distinct points of 4. and fet { v, ..... v, be a T-system on 4,

Let D D(yy.... ¥oity .. r 4,), and define the functions r, by means of the
formula v,(r) - DV aooes Y0l G seees Gioy 5T Gy 5o g,). The functions ry ... 0,
arc clearly in the linear span of the functions vy ,.... v,, . Moreover, since
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Dty ooy UplGy 5oney qu) — D71 >0, proceeding as in [5], Lemma2, we
easily see that {¢, ,..., ¢, i1s a T-system on 4.

Let {b,};m ~ 1,2,... be a strictly increasing sequence of points of A4, all
to the right of ¢,, , and converging to sup A, if 4 is bounded above, or to -~
if it is not. Define z, = (— "¢y = (--1)"1e, + - 4- v, and, for /7=
0,..n 1, z; (,m =rv, — ¢;(m)z,, where ¢,(m) = vyb,)/z.(b.,). (Note
that the functions (— 1) v; are all strictly positive to the right of ¢,; thus z,
also has this property.) It is clear that, for / = 0,...,n — 1, and m = 1, 2,...,
z.b,, , m) = 0; it is also quite obvious that {zy(-, m)...., 2, 4(-, m). z,,} is a
T-system on A.

Let A4,, denote the set of points of A that precede b,, . We assert that if
m o', then {z,(-, m),..., z,_;(-, m)} is a T-system on A,,-. In fact, let 1, <
- < t,., be points of A4,-. Since t,_, < b, , the conclusion follows by
noting that O << D(zy(-, M)seres Z,y(0s 1), 2ty oo by - b)) = 2By - D(z,
(o) yeers Zua(o M)/t 5oy 1,_y), and that z,(b,) > 0.

By the definition of the coefficients ¢,(m), it is clear that they are bounded
between 0 and 1. Thus, there exists a sequence {m,}; &k — 1, 2,..., and numbers
€y yeren Cpe » SUCh that limy, ., ¢} = ¢;50 == 0,...,n — 1. Fori = 0,...,n — 1,
let =, = v; — ¢z,; clearly {z4,..., z,} 15 a T-system on A, and from the
assertion proved in the preceding paragraph we readily see that {z,,..., 7,
1s a WT-system thereon.

Assume now that for some choice ¢, << t; << -- < t,,_, of points of A,

D(:l) LREE] :n—l/[ﬂ EERRR] tn—l) s 0 (1)

Let ¢, >~ t,_; be a point of A. Since D(z,...., 2,,/ty ..., ;) > 0, there is an
integer i. 0 <27 <Cn — 1, such that D(zy ..., Zy_1/tg sever Ly s it 5eeey ) ™ 0.
Define z(t) = D(2Zgy vooes Zpfty son tizq s tisg 0oy I, 1), Clearly z can be re-
presented as a linear combination of the functions z,,..., =, . The coeflicient
of z, in this representation iS D(Zy ..., Z,_1/lg 5eees tia 5 Linq »--s 1), @and thus
strictly positive, whence {z,,..., 7, , =} isa T-system on 4. On the other hand,
taking into consideration that z(t) —=0; j=0,...i — I, i * 1,.... n, that
(-~ 1y z(¢t,) = 0, and developing by the last row, we see from (1) that if
1, is a point of 4 to the left of #,, then D(z,...., 2, 1 - Z/tys te oo toyoi)
(=13 F 121} - D2y serns Zptf80 s By veeen L s Eiil seees Tnq) 5 0 which is 2
contradiction. Repeating the above procedure for the system {z,,.... 2, 4}
and so on, the conclusion follows.

The preceding proof was carried out under the additional assumption that
A is a set of real numbers. In order to prove the general case, it will suffice to
show that if there is a T-system of at least two functions, defined on A, then
there is a real-valued, strictly increasing function on 4. Let s, <5, < 53 be
points of 4. Let P denote the set of points of A to the left of s, , and Q the set
of points of A4 to the right of s, . Assume first that the points ¢, employed in
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the definition of the functions ¢; above, are all to the left of sy . If 7, - 1, arc
points of @, it is clear that O . Dty .oy Cpigy soos Gow s 1y, £1) = D7 1+
D(Z-TI~I . l’,,/"[” » fl)-

Thus {r,_, . 0,0 is a T-system on (. In similar fashion, it is seen that
r, .- 0on Q, from which follows that -- r,_,/r, is strictly increasing thereon.
Assuming now that the points ¢, are all to the right of s, . it can similarly be
seen that v,/ 1s strictly increasing in P. Since P and O have a common point,
it is readily seen that there exists a strictly increasing, real-valued function
i on 4. The system {z, ..., z,} given by z,(t) - y;[h" X)) is a T-system on
h(A), and we have therefore transformed the problem into the one con-
sidered in the first case. Q.E.D.
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